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The divergence structure of supergravity has long been a topic of concern because 
of the theory’s non-renormalizability. In the context of string theory, where per¬ 
turbative finiteness should be achieved, the supergravity counterterm structures 
remain nonetheless of importance because they still occur, albeit with finite coef¬ 
ficients. The leading nonvanishing supergravity counterterms have a particularly 
rich structure that has a bearing on the preservation of supersymmetry in string 
vacua in the presence of perturbative string corrections. Although the holonomy 
of such manifolds is deformed by the corrections, a Killing spinor structure never¬ 
theless can persist. The integrability conditions for the existence of such Killing 
spinors remarkably remain consistent with the perturbed effective field equations. 


1. Supergravity Counterterms 

The ultraviolet divergences of quantized general relativity and its var¬ 
ious matter couplings have posed a key problem for the reconciliation 
of quantum mechanics and relativity. The potential for ultraviolet trou¬ 
ble with gravity was apparent already since the 1930’s from rudimentary 
power counting, in consequence of Newton’s constant having dimension¬ 
ality [length]^. When detailed calculations of gravitational Feynman dia¬ 
grams became possible in the 1970’s^, this became a reality with the first 
calculations of divergence structures that are not present in the original 
second-order action. As ever, in the key issues involving gravity and its 
quantization, Stanley Deser played a major role in this development^’^. 

As disastrous as the ultraviolet problem was for quantized field theories 
containing gravity, there was nonetheless some hope that a clever combina- 
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tion of fields might save the day by arranging for the divergences to mar¬ 
velously cancel. The prime candidate for an organizing principle that might 
engineer this was supersymmetry, and when supergravity came forth^, there 
was palpable hope that it might enable the construction of some jewel-like 
theory that could resolve (maybe uniquely) the ultraviolet problems. This 
hope was encouraged by the development of non-renormalization theorems 
for chiral supermatter^ and by initial calculations showing that supergravity 
also had better-than-generic ultraviolet behavior. For one-loop Feynman 
diagrams, the divergences cancel in pure = 1 supersymmetry, as one can 
see by summing the contributions of the different field species occurring in 
the loop. A range of differing arguments was advanced on formal grounds 
to why these cancellations occur and why they could be expected to persist 
at the two-loop level (despite the prohibitive difficulty of actually perform¬ 
ing such calculations). One approach® that has much current resonance 
focused on helicity conservation properties. 

In many of these early developments, the lively scientific atmosphere 
at Brandeis yielded important understanding of these ultraviolet problems. 
For me, as a graduate student there at the time, it was a marvellous training 
ground for learning the way physics should really be done, but one with 
a decidedly European flavor. Stan Deser was without doubt the leader in 
these matters, and it summons pleasant recollections to think back to how 
these fundamental issues were grappled with. Given Stan’s status as doyen 
of the canonical formalism, another natural development we got into at the 
time was the canonical formulation of supergravity.^ Although not directly 
related to the issue of infinities, this revealed a number of essential duality 
properties of the theory and it also provides, via the duality-related form 
of the constraints, a link to the Ashtekar variable program for quantum 
gravity. 

The clearest reason for ultraviolet cancellations was the requirement 
that the counterterms preserve local supersymmetry. This was given a 
clear expression in the detailed analysis of A^ = 1 supergravity countert¬ 
erms that we performed together with Stanley and John Kay in Ref.® The 
result was not ultimately encouraging for the prospects of finiteness, but 
it was intriguing nonetheless. The first relevant A^ = 1 supergravity coun¬ 
terterm occurs at the three-loop level, at which order power counting leads 
one to expect an expression quartic in curvatures, since at one loop the 
leading logarithmic divergences are of fourth order in derivatives and each 
loop adds two more to this count. However, at one and two loops, the pos¬ 
sible counterterm structures happen to vanish subject to the classical field 
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equations, so they can be eliminated by field redefinitions renormalizations. 

The most intriguing aspect of the three-loop counterterm was its geo¬ 
metrical structure: the purely gravitational part is the contracted square of 
the Bel-Robinson tensor® r^,ya /3 = —R^a^fj.R\i 3 piy + *R^a'^*R\ppiy Subject 
to the Einstein field equations, this tensor is covariantly divergence-free on 
any index, totally symmetric and totally traceless. Thus, it is a higher- 
order analogue of the stress tensor, whose contracted square occurs in the 
the (nonrenormalizable) one-loop divergences of the gravity plus Yang-Mills 
system^. Similarly, in fV = 1 supergravity plus super Yang-Mills, one en¬ 
counters the stress-tensor supermultiplet J^a,Cp), where J^a is the 
matter supersymmetry current and is the matter axial current. These 
come together in the counterterm f 

In extended supergravities, the gravitational and lower-spin contribu¬ 
tions give expressions that manage to vanish subject to the classical field 
equations at the one- and two-loop levels, as Stanley and John Kay found 
already in the N = 2 case.^® In the early days, it was hoped that this 
situation might continue on to higher orders, but the added constraints 
of local supersymmetry (and this for all degrees of extension) prove to be 
exhausted at the next, three-loop, order. The corresponding = 1 coun¬ 
terterm, whose structure continues to figure importantly in quantum grav¬ 
ity discussions in the string era, is a natural generalization of the one-loop 
matter divergence structure: 

Asl = j + + 

+{.P^I^YdpJpc.0 - ( 1 ) 

where JJpiya/3 — Jpal3 — 2 ^ apT^^ Tp/*A/35 — 

— ^f^al 5 lp.fi 3 \ in which fafj = da'tpfs — dpil^a is the Rarita-Schwinger field 
strength for the gravitino field. plays the role of the ’matter’ con¬ 
tribution to the Bel-Robinson ‘stress’, while Jpaf} and are similarly 

higher-order analogues of the supersymmetry current and axial current 

Although direct Feynman diagram calculations of the divergent coef¬ 
ficients of such higher-loop counterterms remain out of reach, other tech¬ 
niques for evaluating such divergences have progressed immensely since 
the late I970’s. Clever use of unitarity cutting rules plus dimensional 
regularization^^ have yielded the result that analogues of the £> = 4 three- 
loop counterterm do indeed occur with an infinite coefficient for all < 6 
extended supergravities, but that the N = 8 theory (which is the same as 
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N = 7) manages to remain finite until it too succumbs at five loops (by 
which time the ordinary Feynman diagram approach would involve some¬ 
thing like 10^*^ terms ...). Similar considerations also apply to supergravity 
divergences in higher dimensions, where the corresponding divergences oc¬ 
cur at lower loop orders, e.g. in I? = 11 one has divergences already at the 
two loop level. In the nonlocal parts of the four-graviton amplitude in such 
cases one again finds analogues of the (Bel — Robinson)^ counterterm. 

The special circumstance of the N = 8 theory remains highly intrigu¬ 
ing. It is likely to be analogous to that which obtains for maximal {i.e. 
16-supercharge, corresponding to iV = 4 in H = 4) super Yang-Mills the¬ 
ory in 5 or 6 dimensions, which also becomes nonrenormalizable, but later 
than naively expected. The SYM divergence onset can be understood^^ 
using superspace power counting^^’^® together with the existence of a 12- 
supercharge harmonic superspace formalism^®. Although the story remains 
incomplete, it may be anticipated that something similar is going on in max¬ 
imal supergravity, perhaps with an = 6 harmonic superspace formalism. 

2. String corrections 

String theory may be viewed as a ‘physical’ regulator for the divergent 
supergravity theories. Instead of a Feynman integral cutoff, one has the 
string length \/a'. Counterterms that would have occurred with divergent 
coefficients in a supergravity field theory now occur with finite a'-dependent 
coefficients in quantum string corrections. In particular, the (curvature)"^ 
counterterms of H = 4, 3-loop supergravity now are present at the a' ® 
level in superstring theories. Generally, these string corrections have been 
calculated using the Neveu-Schwarz-Ramond (NSR) formalism in string 
light-cone gauge. As in the analogous field theory case, the first corrections 
not vanishing subject to the classical supergravity field equations (which 
are now removable by nonlinear redefinitions of the background fields that 
the string propagates on) occur at the o! ® level. One may write the string 
tree-level correction in the general form 

A/ = ^ y Y (2) 

where the dependence on the dilaton </> is appropriate to string tree level. 
A similar form is obtained at one string loop, but without any factor, 
as is appropriate for one-loop order in string perturbation theory. 

From the string light-cone gauge calculations, the integrand Y in (2) 
can be written in terms of a Berezin integral over an anticommuting spinor 
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field ipL^R- The (curvature)^ correction thus takes the form^^’^® 

r = (3) 

where i,j = 1,.. .8 are light-cone transverse indices, Pd = i(rT-^ — F-lF*) 
are SO(8) Gamma matrices and 'i/'i snd ipR Etre left- and right-handed 
SO(8) chiral spinors. From the fact that Berezin integration gives zero 
except when a linear expression in each spinor field is integrated over, one 
sees immediately that (3) produces exclusively (curvature)^ corrections. 

Letting a and a be 8-valued i?, L spinor indices, one has, up to a 
proportionality constant, 

w _ ,aia2"-a8 ,/9i/32.../38p*i*2 piyis piii2 pi7i8 

/ 37/38 

Xi?iii2jij2^*3*4i3i4^*5*6i5i6^77i8i7i8 ’ (4) 


Working this out in more detail, one finds Y = Yo — Y 2 , where 


Yo = 
Yo = 




iRi, 


,Ri. 


256' 


7ll2jlj2'^*3*4i3i4^j5i6i5i6 Rilishjs 


in which t*i...*8 jg defined by 




(5) 

( 6 ) 


In making a light-cone gauge choice for the string variables in order to 
derive the form of these (curvature)^ corrections, one has in fact to restrict 
the background curvature to the transverse 8 coordinates ... fg, so in fact 
the term Y 2 contributes a total derivative here, since it becomes the Euler 
density in I? = 8. Since the string tree-level correction (2) multiplies this 
by there still is a contribution to the Einstein equation, but this be¬ 

comes proportional to d(j), so it vanishes if one is considering corrections to 
background field solutions that have an initially constant dilaton </>. The 
D = 8 Euler density Y 2 comes in very usefully in the equation for the dila¬ 
ton itself, since the combination Yq — Y 2 actually vanishes for all spaces 
that are endowed with a Killing spinor. In consequence, at order a'®, the 
dilaton’s contribution to the correction for supersymmetric spaces can be 
integrated out explicitly, leaving one with an expression that is purely grav¬ 
itational, and which is a direct generalization of the D = A (Bel-Robinson)^ 
supergravity counterterm (1). 

For spaces with suitable initial supersymmetry (so that there is at least 
one holonomy singlet among the spinors coupling to ‘front’ and rear’ indices 
of the curvature in the exponent of (3)), the variation of the quantum 
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correction (2) simplifies further in that the ‘explicit’ metric variations also 
vanish. This is the case for D < 8 spaces with special holonomies such as 
SU(3), SU(4), G 2 or Spin 7 . Consequently, the contributions to the Einstein 
equations arise purely from the ‘implicit’ metric variations coming from the 
spin connections. One obtains in each case a corrected Einstein equation 
that to order a' ^ becomes^®’^^’^^ 

Rij + 2V i V jfj) — 01 ^ Xij =0 (7) 

in which the correction Xij arises from the connection variations, giving a 
correction of the form 

Xij = V'^Vx.kjt ( 8 ) 

where Xn-jt is an expression cubic in curvatures with symmetries similar to 
those of the curvature tensor: [ik], [jl] antisymmetric but [ik] ^ [j£] sym¬ 
metric under pair interchange. Tracing the corrected gravitational equation 
and combining it with the dilaton equation one obtains to this order 

2n(l) + a'^X = 0 , (9) 

where the X = Xij correction arises purely from the gravitational equa¬ 
tion trace, since the dilaton equation itself does not have order a' ^ correc¬ 
tions for initially supersymmetric spaces, as we have seen above. Moreover, 
for the special holonomy manifolds in question, one finds 

g^^X.kjt = guZ . (10) 

Thus, X = nz and consequently one can solve explicitly for the dilaton 
correction: for </> = constwhere (j)i is the correction to the initially con¬ 
stant dilaton. One finds (j)i = ~\^'^Z so the corrected Einstein equation 
becomes 

= a' + W^W^X,kji) . (11) 


3. Special Holonomy 

To see how the corrected form (11) of the Einstein equation influences the 
background field solutions that initially have special holonomy, consider 
first the case of spaces with structure Mg = M x Kj where Kj is, at order 
a 7-manifold with holonomy G 2 . Similar conclusions are obtained for 
8-manifolds of Spiny holonomy.^^ To study the G 2 case, pick the following 
basis for the SO(8) Dirac T matrices: 

r- = a2<»G- i=l,...,7; f» =-ai O Ig , (12) 
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where the F- are antisymmetric imaginary 8x8 SO(7) F-matrices; signs 
are chosen such that tF-- • -F- = Ig. Chiral SO(8) spinors are eigenspinors 

of fg = fi - • -f- = (73 0 Ig, so 'I' = where 4*+ and dt- are real 

8-component SO(7) spinors. Consequently, for manifolds of Gg C SO(7) 
holonomy, the 8± representations decompose as 8± ^ 7 0 1. Accordingly, 
the (curvature)^ correction 


V (X 


exp 



^ + 




(13) 


satisfies the requirements for vanishing of ‘explicit’ metric variations in (3), 
and the resulting corrections to the Einstein equations arising solely from 
the connection variations are of the form (11). 

The value of Y in (13) is zero for manifolds of initial Gg holonomy (i.e. 
before the effects of a' corrections are included), owing to the presence of 
the holonomy singlets in both the decompositions, together with the 
rules of Berezin integration, which give a vanishing result for J dO integrals 
without a corresponding 0 in the integrand. This accounts for the absence 
of direct a' ^ corrections to the dilaton equation, as we have noted. 

The vanishing of Y for such spaces does not, however, imply the van¬ 
ishing of its full variation. This has to be performed without restriction to 
spaces of any particular holonomy, although the initial holonomy is subse¬ 
quently used in evaluating the result after variation. The only surviving 
terms in the variation of (13) are those where the singlets in the 8± de¬ 
compositions go onto the ‘front’ and ‘back’ of the same varied curvature, 
since the only way one can get a nonvanishing result is to keep the singlet 
products from contracting with unvaried curvatures. This observation gives 
a way to write the variation in a nice fashion (where now i,j = 1, ■. ■, 7): 

(iy oc R H R V Vi, 8o i ('141 


where Cijk = ifjTijkrj is the covariantly constant 3-form that characterizes 
a Gg holonomy manifold. 

The variation (14) thus takes the general form (11) with 


where 


ijki — ^ikm ^jin ^ 


(15) 


rymn _ J_ mii-.-ie p p 7 — n 7”^" 

^ — 32 *^ ^ ^^'‘5163538 > ^ ~ iJmn^ 

i.e. the corrected Einstein equation is now 

% = ca' 3 0 c.kmCjenV'^V^Z'^^] . 


(16) 


(17) 
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The corrected Einstein equation (17) modifies the curvature at order 
a'^ so as to give an apparently generic SO(7) holonomy, i.e. the initial 
G 2 special holonomy is lost as a result of the a' corrections. To see 
this, note that the integrability condition for the existence of an ordi¬ 
nary Killing spinor rj satisfying = 0 is Rdjki c^^mn = ‘i.Rijmn where 
^ i^tjkimnp — fjTijki Tj is the Hodge dual of Cijk in D = 7. Tak¬ 
ing the trace of this integrability condition, one finds that G 2 holonomy 
requires Ricci flatness, so the corrected Ricci tensor (17) definitely takes 
the metric out of the class of G 2 holonomy manifolds. 

This should be contrasted with the more familiar case of Kahler man¬ 
ifolds, where the corrected Ricci form is required to be a cohomologically 
trivial (1,1) form, but is not required to vanish. One may see this explicitly 
is by considering an initial 7-manifold K-j = Rx RTg, where at order a' Kq 
is Kahler and Ricci fiat. This fits into the above G 2 holonomy discussion 
when one recognises that the only non-zero component of Zmn in this case 
is Z 77 = Z, while = Jij is the Kahler 2-form. In this Kahler case, the 
corrected Einstein equation becomes 

Ry = ca' 3 Z . (18) 

Going over to a Darboux complex coordinate basis t, j = 1,..., 6 ^ a, a = 
1,2, 3, one then has the standard Calabi-Yau result 

= CQ:', (19) 

which is a cohomologically trivial ( 1 , 1 ) form, but which does not destroy the 
Kahler structure (which depends on the vanishing of the Nijenhuis tensor, 
which is not disturbed). 

4. Corrected Killing equations 

Despite the fact that the string a' corrections perturb manifolds of initially 
special holonomy into manifolds of generic Riemannian holonomy, another 
remarkable property of the Bel-Robinson-descendant string corrections is 
that a manifold’s initial supersymmetry can nonetheless be preserved. This 
can happen because the Killing spinor equation can itself be modified in 
such a way that its corrected integrability condition reproduces precisely the 
corrected Einstein equations. To see how this can happen, seek a condition 
Vi ?7 = 0, where Vi = Vi -I- a'^Qi. We need to choose Qi such that the 
integrability condition [Vi, V^j rj = 0 yields the corrected Einstein equation. 

One has directly the integrability condition 

jRzjke rj + ca' ?? = 0 , 


( 20 ) 



February 1, 2008 20:27 Proceedings Trim Size: 9in x 6in 


Deserfest 


9 


where 


= V* Qj - Vj Q, . (21) 

In the case of a manifold of initial G 2 holonomy, one can use the Fierz 
identity TirjfjTi + rjfj = 1 to find 

Rijki + 4ca' Qij ?? = 0 , (22) 

where fjQij rj = 0. Multiplying by and using the Fierz identity, one 
obtains a supersymmetry integrability condition involving the corrected 
Ricci tensor 


Rij = 2ca ^riT(^jk Qi)''rj . (23) 

The condition (23) must then be consistent with the corrected Einstein 
equations for some choice of the Killing spinor correction Qi. 

In principal, one should be able to find the Killing spinor correction Qi 
by an exhaustive study of the supersymmetry properties of the (curvature)"* 
counterterm. This would require first determining the structure of the 
superpartners to the pure (curvature)^ part by varying it subject to the 
original a' ** supersymmetry transformations but subject to the a' ** field 
equations, then relaxing the latter and calculating the required corrections 
to the gravitino supersymmetry transformation. This is a long process 
which has not been carried out for the maximal D = 11 and D = 10 
supergravities. However, the requirements for Qi nonetheless allow one to 
find out its structure. The answer, i.e. the solution to (20) is 

= . (24) 


The integrability condition for the modified Killing spinor condition then 
reproduces precisely the corrected Einstein equation (17). 

The Killing spinor correction (24) seemingly depends on special prop¬ 
erties of the order a' ** manifold, since it involves the G 2 manifold’s covari- 
antly constant 3-form Cijk- However, another remarkable structural feature 
emerges here. The Killing spinor correction (24) can be rewritten in a form 
that does not make use of any special tensors on the manifold: 


Qi = -j (V^ R^km im2 ) Rjin 


R 


kl 




(25) 


Moreover, this is precisely the same expression as one finds from the study 
of corrections to D = 0 Kahler manifolds*®, so there is a strong argument 
for the universality of the result (25). 
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5. Conclusion 

The quantum field theoretic approach to quantum gravity, of which Stan 
Deser is a key pioneer continues to yield important insights into a theory of 
which we still have only glimpses. The main approach to quantum gravity 
has changed from the canonical formulation to supergravity and on to su¬ 
perstrings, but there is considerable continuity in certain central elements 
of the story. The ultraviolet problem for gravity, which gave rise to much 
soul-searching about the nature of the entire perturbative quantum gravity 
program, has now more or less been solved. Accordingly, one can now begin 
to actually look at the perturbatively finite theory that lies behind. Despite 
the evolution in dynamical details, the analytical approach of focusing on 
symmetries and their consequences remains an important strategy. 

In the examples that we have looked at, ultraviolet counterterms that 
spelled the end of supergravity as a fundamental theory in its own right 
remain nonetheless of keen interest as finite local contributions to the su¬ 
pergravity effective action for superstrings or M-theory. They have a set 
of ‘miraculous’ properties that appear to make them precisely tailored to 
preserving the integrity of the underlying, still incompletely known, string 
or M-theory. In particular, they may lead to important insights into the 
structure of M-theory, for which we still have no full microscopic formula¬ 
tion. 

An example of this is the link between the C[ 3 ] coupling in M-theory 
and the terms that arise in type IIA string theory at the one loop level, 
which are in turn related to M-theory (curvature)^ terms by dimensional 
oxidation. These two types of terms are related^^ by on-shell supersymme¬ 
try; the relation is also crucial^^ for the way in which the supersymmetry 
of an initially SU(5) holonomy Kahler manifold can be preserved despite 
the fact that the (curvature)^ corrections in this case destroy the Kahler 
structure, yielding a general complex D = 10 manifold. Via a sequence of 
‘miracles’ analogous to those we have sketched here for the string tree level 
G 2 case, the initial supersymmetry of such a background turns out to be 
preserved thanks to interrelated corrections to the Einstein and 4-form field 
equations. The C'[ 3 ] Ai?^ terms play a key role^^ in this mechanism, because 
they force the turning on of a necessary amount of 4-form flux. The same 
terms are also crucial for the elimination of the sigma-model anomalies of 
the M5 brane^^ and for duality between M2 and M5 branes. The quartic 
curvature corrections thus are deeply related to the internal consistency of 
our best chance for a fundamental theory of quantum gravity. 
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